Abstract. We give the graded Cartan determinants of the symmetric groups. Based on it, we propose a gradation of Hill's conjecture which is equivalent to Külshammer-OlssonRobinson's conjecture on the generalized Cartan invariants of the symmetric groups.
Introduction
Let g 0 be a finite-dimensional simple simply-laced complex Lie algebra. The purpose of this paper is to give the Shapovalov determinants of the basic representation V (Λ 0 ) of the untwisted quantum affinization U v ( g 0 ) weight space wise (see Theorem 5.6) and apply them to the graded representation theory of the symmetric groups (see §6 and §7).
1.1. Kashiwara's problem on the specialization for quantum groups. The motivation of this paper comes from a problem of Kashiwara. Let g be a symmetrizable Kac-Moody Lie algebra and let λ ∈ P + be a dominant integral weight. In [Kas, Problem 2] , Kashiwara asks at which specialization v = ξ ∈ C × (see Remark 4.14) the integrable highest weight U v (g)-module V (λ) remains irreducible. When g is a finite-dimensional simple complex Lie algebra, it is known that the specialized module remains irreducible if ξ is not a root of unity [APW, Theorem 6.4 ]. More precisely, for an ℓ-th root of unity ξ = exp( 2π √ −1 ℓ ) where ℓ ≥ 1, the specialized U v (g)| v=ξ -module V (λ)| v=ξ is irreducible if ℓ < (α, λ) for any positive root α ∈ ∆ + of g [APW, Theorem 6.7] . When g is an affine Kac-Moody Lie algebra, almost nothing is known about Kashiwara's problem. Chari-Jing proved that the specialized U v ( g 0 )| v=ξ -module V (Λ 0 )| v=ξ is irreducible if ξ is not a root of unity. More precisely, for an ℓ-th root of unity ξ = exp( 2π √ −1 ℓ ) where ℓ ≥ 1, if ℓ is coprime to the Coxeter number N of g 0 , then the specialized module is irreducible [CJ, Theorem 4] . Recall that N = n (resp. 2(m − 1), 12, 18, 30) when g 0 is of type A n−1 for n ≥ 2 (resp. D m for m ≥ 4, E 6 , E 7 , E 8 ). The main result of this paper (Theorem 5.6) gives an answer to Kashiwara's problem when g = g 0 and λ is level 1. Theorem 1.1. Let g 0 be a finite-dimensional simple simply-laced complex Lie algebra of type X. Then, for ℓ ≥ 1 the specialized U v ( g 0 )| v=exp(
is irreducible if and only if (a) gcd(ℓ, 2n) = 1, 2 when X = A n−1 for n ≥ 2, (b) ℓ ∈ 4Z (resp. ∈ 3Z, ∈ 4Z, ∈ 60Z) when X = D n for n ≥ 4 (resp. E 6 , E 7 , E 8 ).
1.2. Graded Cartan determinants. Recently, Khovanov-Lauda and Rouquier independently introduced a remarkable family of algebras (the KLR algebras) that categorifies the negative half of the quantized enveloping algebras associated with symmetrizable Kac-Moody Lie algebras [KL1, KL2, Rou] (see Definition 6.7). An application of the KLR algebras is the homogeneous presentation of the symmetric group algebras [BK2, Rou] (see Theorem 6.15) which quantize [BK1] Ariki's categorification of the Kostant Z-form of the basic sl p -module V (Λ 0 ) Z ∼ = n≥0 K 0 (Proj(F p S n )). Since the Shapovalov-like form (see Proposition 4.8) on the left hand side and the graded Cartan pairing on the right hand side are compatible [BK3] (see Theorem 6.16), the main result of this paper (Theorem 5.6) can be interpreted as the graded Cartan determinants of the symmetric groups. The story is also valid for its q-analog, the Iwahori-Hecke algebra of type A (see §6.4). Theorem 1.2. Let p ≥ 2 be a prime number (resp. p ≥ 2 an arbitrary integer). Then, the graded Cartan determinant of a block of the symmetric group algebra over characteristic p (resp. the Iwahori-Hecke algebra of type A over quantum characteristic p) whose p-weight is d is given by For the notations on partitions, see Notations in the end of §1.
In virtue of the classical results of the modular representation theory of finite groups, the Cartan determinant (see Definition 6.1) of (a block of) a group algebra of a finite group G over characteristic p ≥ 2 is a power of p [Bra, Theorem 1] and its degree reflects p-defects of p-regular conjugacy classes of G [BrNe, Part III, §16] (see Theorem 7.6). Based on Olsson's calculation of p-defects of the symmetric groups [Ols] , Bessenrodt-Olsson gave an explicit formula for the Cartan determinants of (a block of) a symmetric group algebra over characteristic p in terms of generating functions [BO1, Theorem 3.3, Theorem 3.4] .
On the other hand, Brundan-Kleshchev arrived at the same formula by a different method [BK4, Corollary 1] . They utilized Ariki's categorification and turned the calculation of the p-Cartan determinants of the symmetric groups into the calculation of the Shapovalov determinants of the basic sl p -module V (Λ 0 ). Their block-theory-free method has an advantage in that it is applicable to the Iwahori-Hecke algebra of type A. In fact, Brundan-Kleshchev settled affirmatively the conjecture of Mathas that the Cartan determinants of (a block of) the Iwahori-Hecke algebra of type A over quantum characteristic ℓ is a power of ℓ for arbitrary ℓ ≥ 2 (see [Don] ). Theorem 1.2 (and Theorem 5.6) can be seen a gradation of Brundan-Kleshchev's result and our method is similar to theirs. A difference is that we use a bi-additive form that obeys a rule slightly different from that of the Shapovalov form (see Proposition 4.8).
We remark that Brundan-Kleshchev also calculated the Shapovalov determinants of the basic module over a twisted affinization of g 0 . Although our method should be applicable in the quantum setting, there are some obstructions to overcome (see Remark 5.11). We discuss them and give a conjectural Shapovalov determinants (see Conjecture 5.13).
Recently, the authors [KKT] introduced a superversion of the KLR algebras which they call quiver Hecke superalgebras and showed "Morita superequivalence" between the spin symmetric group algebras and quiver Hecke superalgebras [KKT, Theorem 5.4] . From the results of [BK5, Tsu] , it is expected that the quiver Hecke superalgebras categorify the quantum groups (see also [HW] ) and through this the Shapovalov determinants of the basic module of U v (A (2) p−1 ) for odd prime p ≥ 3 coincides with the graded Cartan determinants of the spin symmetric group algebras.
1.3. Külshammer-Olsson-Robinson's conjecture and graded Cartan invariants. Based on an observation that combinatorial notions for partitions (such as p-cores) that appear in the description of the p-modular representation-theoretic invariants of the symmetric groups make sense when p is not a prime, Külshammer-Olsson-Robinson initiated the study of "ℓ-modular representations of the symmetric groups" for arbitrary ℓ ≥ 2 [KOR] .
Their main result is a generalization of Nakayama-Brauer-Robinson classification of the p-blocks of S n for an any ℓ ≥ 2 [KOR, Theorem 5.13 ] (see Theorem 7.4). Based on it, they gave a conjectural generalization of the Cartan invariants of the symmetric groups for an arbitrary ℓ ≥ 2 [KOR, Conjecture 6.4 ] (see Conjecture 7.10 which we call the KOR conjecture for short). As an evidence, they checked that their invariants gives a generalized Cartan determinant calculated by .
Hill settled affirmatively the KOR conjecture for any ℓ ≥ 2 such that each prime factor p of ℓ divides ℓ at most p times [Hil, Theorem 1.3] . In his course of proof, Hill gave a conjecture [Hil, Conjecture 10.5 ] (see Conjecture 7.14). Hill's conjecture and the KOR conjecture are equivalent in virtue of [BH] (see Corollary 7.16).
As graded Cartan determinants calculated in this paper, it is reasonable to expect that a proof of Hill's conjecture similarly works in a graded setting. Motivated by this, we propose a gradation of Hill's conjecture (see Conjecture 7.17). As a support, we check that Conjecture 7.17 is compatible with the graded Cartan determinants (see Theorem 7.20). The proof itself may be of interest. We expect that our gradation is correct and gives an insight to future trials of the proof of Hill's conjecture (and thus the KOR conjecture).
Notations. N = Z ≥0 (resp. N + = Z ≥1 ) means the set of non-negative (resp. positive) integers. We denote the empty partition by φ and reserve the symbol ∅ for the empty set. For a partition λ = (λ 1 , λ 2 , · · · ), we define m k (λ) = |{i ≥ 1 | λ i = k}| for k ≥ 1. We also define |λ| = i≥1 λ i and ℓ(λ) = i≥1 m i (λ). We denote by Par(n) the set of partitions of n ≥ 0 and define Par = n≥0 Par(n). For m, n ≥ 0, we denote by Par m (n) the multipartitions of n, i.e., Par
|λ i | = n} and put u(m, n) = |Par m (n)|. Note that u(0, 0) = 1 and u(0, n) = 0 for n ≥ 1.
Organization of the paper In §2, we develop a linear algebra for Gram determinants. In §3, we review the boson-fermion correspondence and deduce the existence of a biadditive form we need. In §4, we give a brief review on quantum groups. In §5, we calculate the Shapovalov determinants of the basic representations of the untwisted affine A,D,E quantum groups and in §6 using the KLR algebras we interpret it as graded Cartan determinants of the symmetric groups and its Iwahori-Hecke akgebras. Finally, in §7 we propose a gradation on Hill's conjecture and make some justifications.
Linear Algebra on Gram determinants
Let k be a field and let V be a k-vector space. We say that a map B : V × V → k is bi-additive if we have B(w 1 + w 2 , w) = B(w 1 , w) + B(w 2 , w) and B(w, w 1 + w 2 ) = B(w, w 1 ) + B(w, w 2 ) for all w, w 1 , w 2 ∈ V . The radical Rad(B) of a bi-additive map B is defined to be one of the following two additive subgroups of V {w 1 ∈ V | ∀w 2 ∈ V, B(w 1 , w 2 ) = 0}, {w 2 ∈ V | ∀w 1 ∈ V, B(w 1 , w 2 ) = 0} if they are equal (otherwise, we do not define Rad(B)). We say that a bi-additive map B is non-degenerate if Rad(B) is defined and Rad(B) = 0.
A ) be a 6-tuple such that (a) k is a field with a ring involution τ :
and S(w 1 , aw 2 ) = aS(w 1 , w 2 ) for all w 1 , w 2 ∈ V and a ∈ k. To such a 6-tuple, we define the Gram matrix
Let X and Y are two Gram matrices associated with two choices of A -bases of
Proposition 2.2. Let I be a finite set and let k be a field. We regard a polynomial ring
n | i ∈ I, n ≥ 1] as a graded k-algebra via deg y (a) a subring A of k and a ring involution τ :
) .
Proof. Firstly, we note that in virtue of (d) we have
From now on, we fix a total ordering on I and define
We define a family of new variables z
n for i ∈ I and n ≥ 1. Then, we see that for any d ≥ 0
• {x
We show for any λ ∈ Par by induction on ℓ := ℓ(λ) ≥ 0 that we have
It is clear by (c) when ℓ = 0 and assume that (2.1) holds for any λ with ℓ(λ) < ℓ. Put j = (i 2 , · · · , i ℓ ) and µ = (λ 2 , · · · , λ ℓ ) and (2.1) is proved as follows.
In virtue of (2.1), we have
Apply Lemma 2.3 which is an easy linear algebra exercise, we get
, we have det
Boson-fermion correspondence
Definition 3.1. Let R be a commutative ring with 1.
(a) The fermionic Fock space F R = R ⊕ SIM over R is a free R-module with a basis consisting of all semi-infinite monomials
For m ∈ Z, we denote by |m the vacuum vector of charge m, i.e., |m = m ∧ (m − 1) ∧ · · · ∈ SIM. We say that a semi-infinite monomial i 1 ∧ i 2 ∧ · · · ∈ SIM is of charge m if it differs from |m only at a finite number of places, i.e., there exists N > 0 such that we
Recall that for j ∈ Z a creation operator ψ j ∈ End R (F R ) and an annihilation operator ψ * j ∈ End R (F R ) are defined as follows where we regard i 0 as +∞.
Remark 3.2. For any s, t ∈ SIM and j ∈ Z, we have ψ j (s) = t if and only if ψ * j (t) = s. Remark 3.3. B R has a natural structure of module over the Heisenberg algebra H R := {α m } m∈Z | α m α n − α n α m = mδ m+n,0 R-alg through the assignment of linear operators
where k ≥ 1. On the other hand, bosonization turns F R into an H R -module where ℓ = 0
Definition 3.4. For a partition λ ∈ Par, the Schur function
Proposition 3.5 ( [Kac, §14.10] ). Let k be a field of characteristic 0.
Corollary 3.6 ([DcKK, Theorem 2]). Let k be a field of characteristic 0. Define a family of new variables (x n ) n≥1 by (3.1) and put
Corollary 3.7. Let k be a field. We regard a polynomial ring V = k[y 1 , y 2 , · · · ] as a graded k-algebra via deg y n = n and denote by V d the k-vector subspace of V consisting of homogeneous elements of degree d for d ≥ 0. Assume char k = 0 and take a ring involution τ :
Proof. (a) Uniqueness is clear and we prove the existence. We introduce a bi-additive non-degenerate map (, ) :
Corollary 3.8. In the setting of Proposition 2.2, we may take
Quantum groups and Shapovalov forms
Let v be an indeterminate. In the rest of the paper, we work in the field k = Q(v) and
. We consider two ring involution of k. One is the identity map id k and the other is a Q-algebra involution τ : k → k which maps v to v −1 .
4.1. Quantum groups. Let A = (a ij ) i,j∈I be a symmetrizable GCM and take the sym-
ji for all i, j ∈ I and gcd(d i ) i∈I = 1. We take a Cartan data (P, P ∨ , Π, Π ∨ ) in the following sense.
(a) P ∨ is a free Z-module of rank (2|I| − rank A) and P = Hom
We denote by P + the set of dominant integral weights {λ ∈ P | ∀i ∈ I, λ(h i ) ∈ N}. For each i ∈ I, Λ i ∈ P + is a dominant integral weight determined modulo the subgroup {λ ∈ P | ∀i ∈ I, λ(h i ) = 0}(⊆ P) by the condition Λ i (h j ) = δ ij for all j ∈ I.
Recall that the Weyl group W = W (A) is a subgroup of GL(h * ) generated by {s i :
and that W also acts on P(⊆ h * ). In the following, we use the usual abberiviation such as
where
v is canonically isomorphic to the group k-algebra k[P]. Definition 4.4. We define the following two maps both are assured by Proposition 4.3. (a) the Harish-Chandra projection HC :
4.2. Shapovalov forms.
Definition 4.5 ( [Lus, §3.4.5] ). For λ ∈ P, the Verma module is a left U v -module
Remark 4.6. In virtue of Proposition 4.3, as a U − v -module M(λ) is free of rank 1 and we see that M(λ) has a proper maximum U v -submodule K(λ). We reserve the symbol ϕ λ for the
Definition 4.7. For λ ∈ P, we define an irreducible
Proposition 4.8. Let us take λ ∈ P.
(a) There exists a unique non-degenerate symmetric k-bilinear form , Sh :
Proof. All cases are similar and standard. Let X ∈ {Sh, QSh, RSh} and put Ξ = σ, Ω, Υ according to X = Sh, QSh, RSh respectively. We just sketch the constructions of , X since they are needed in the proof of Proposition 4.16.
Define , 
.7]). It is well-known that (a) for λ ∈ P, V (λ) is integrable if and only if
Theorem 4.12 ( [Lus, Theorem 14.4.11] ). Assume λ ∈ P + . Then, V (λ) A := U A v 1 λ is an A -lattice of V (λ) compatible with the weight space decomposition of V (λ). In other words, V (λ)
A is an A -lattice of V (λ) ν for all ν ∈ P (λ) and we have
Remark 4.14. Theorem 4.9 and Theorem 4.12 allow us to specialize the integrable highest weight modules. For any ξ ∈ C × and λ ∈ P + , the specialized module
v where C ξ = C is an A -module where v acts as the multiplication of ξ.
Remark 4.15. For λ ∈ P + and ξ ∈ C × , V (λ)| v=ξ is irreducible if and only if Sh λ,µ (ξ) = 0 for all µ ∈ P (λ). Thus, for a generic ξ ∈ C × , V (λ)| v=ξ is irreducible. It is expected that V (λ)| v=ξ is irreducible when ξ is not a root of unity [Kas, Problem 2] .
Proposition 4.16. Let λ ∈ P + and take µ ∈ P (λ). We may assume Sh Proof. By the constructions mentioned in the proof of Proposition 4.8, it is enough to show that we can choose an A -basis of V (λ)
A µ as a subset of {f
1≤∀j≤s,n j ≥1,i j ∈I }. In virtue of [Lak, Theorem 6.5] , it is possible 1 .
Corollary 4.17. For λ ∈ P + and µ ∈ P (λ), we have det QSh
Proof. We may assume DQSh
Proposition 4.18. For λ ∈ P + , i ∈ I and µ ∈ P (λ), we may assume QSh
It is clear that we have T
A [Lus, Proposition 41.2 .2], we are done.
Shapovalov determinants of the basic representations
5.1. Untwisted affine A,D,E case. Let X = (a ij ) i,j∈I be a Cartan matrix of type A,D,E and let X = X (1) be the extended Cartan matrix of X indexed by I = {0} ⊔ I as in Figure 1 . Let (a i ) i∈ I be the numerical labels of X in Figure 1 and let δ = i∈ I a i α i .
Remark 5.1 ( [Kac, §12.6] ). Let W = W ( X). We have
We shall very briefly review the vertex operator construction of V (Λ 0 ), i.e., an explicit realization of V (Λ 0 ) as the tensor product of a polynomial algebra and a (twisted) group algebra [FJ] (however, we will mainly refer [CJ] instead). Recall the Drinfeld new realization of U v ( X) which gives loop-like generators [Dri] . Theorem 5.2. As a k-algebra, U v ( X) is isomorphic to the k-algebra generated by {x
| i ∈ I} with the following defining relations.
(a) C ±1 are central and
n ), we can choose such monomial A -bases using combinatorial algorithms [LLT, LT, KKw] . Figure 1 . Finite and untwisted affine Dynkin diagrams of A,D,E.
for all i, j, p, q ∈ I with p = q and r, r ′ ∈ Z \ {0}, s, s ′ ∈ Z where we set ψ
Remark 5.3. Actually, as shown by Beck [Bec] (see also [BCP, Theorem 1]), we may choose the generators in Theorem 5.2 as particular elements in U v ( X), some of them are constructed utilizing Lusztig's braid group action on U v ( X) from the Chevalley generators of U v ( X). Although we omit the construction, in the rest of this paper we assume this special choice for each generator in Theorem 5.2. The choice is used essentially in that (a) an A -subalgebra generated by {(x
. This is used in the proof of Theorem 5.5 (ii), (b) we have Ω(h i,±r ) = h i,∓r for i ∈ I and r ≥ 1 [BCP, Lemma 3] . This will be used in the proof of Theorem 5.6.
Remark 5.4. Let U − (0) be the k-subalgebra of U v ( X) generated by {h i,−r | i ∈ I, r ≥ 1}. Clearly, it is a commutative algebra. In virtue of [BCP, Proposition 1.3] , {h i,−r | i ∈ I, r ≥ 1} is algebraically independent over k.
Theorem 5.5 ( [CJ, Theorem2, Theorem 3] ). Let Q = ⊕ p∈I Zα p be the root lattice of X. We can put a U v ( X)-module structure on a k-vector
extending the following assignment of action ⊙ on V
to all the generators in Theorem 5.2 and can obtain a U v ( X)-module isomorphism ϕ :
.
q∈I b p a pq b q and we regard Q as an additive subgroup of the weight lattice P of X.
Theorem 5.6. Let X = (a ij ) i,j∈I be a Cartan matrix of type A,D,E and let X be the extended Cartan matrix of X indexed by I = {0} ⊔ I as in Figure 1 . We have
Proof. By Proposition 4.16 and Proposition 4.18, we shall calculate det QSh 
we can apply Corollary 3.8 and get det QSh
Corollary 5.7. Let g 0 be a finite-dimensional simple simply-laced complex Lie algebra.
is irreducible if and only if (i) gcd(ℓ, 2n) = 1, 2 when X = A n−1 for n ≥ 2, (ii) ℓ ∈ 4Z (resp. ∈ 3Z, ∈ 4Z, ∈ 60Z) when X = D n for n ≥ 4 (resp. E 6 , E 7 , E 8 ).
Proof. The specialized module is irreducible if and only if (det[X]
is the j-th cyclotomic polynomial. 2ℓ and otherwise ε = 0. Let δ = i∈ I a i α i where (a i ) i∈ I are the numerical labels of X. As in untwisted cases (see Remark 5.1), it is known that
We discuss on Sh Λε,wΛε−dδ ( X) and give a conjectural formula for it. Our motivation comes from the fact that the Cartan determinant of a faithful p-block of the Schur double covers of the symmetric groups coincides with Sh Λ ℓ ,wΛ ℓ −dδ (A .
Conjecture 5.10. Let p ≥ 3 be an odd integer and put ℓ = (p − 1)/2. We have p−1 ) (see [Dri] ), (b) a proof of vertex operator construction of U v (A (2) p−1 )-module V (Λ (p−1)/2 ) (see [Jin, JM] ), (c) a good choice of Drinfeld loop-like generators which affords us the Lusztig lattice in terms of Drinfeld generators (a candidate is the PBW generators in [BeNa] ). However, (a) is not achieved so far in general (thus, logically (b) nor (c) neither). See also the introduction of [Her] .
Remark 5.12. In virtue of [Aka, Appendix B] and [Jin, JM] , we can prove Conjecture 5.10 when p = 3 by a similar argument of [CJ, Theorem 3] and Theorem 5.6. Conjecture 5.13. For a twisted affine A,D,E diagram X = X (r) N (where r ≥ 2), we assign the quantities n, k ∈ N + and α, β ∈ A as follows. 
Remark 5.14. Assume X (r)
2n for simplicity. Let X N = (A i,j ) i,j∈J with |J| = N and let µ : X N ∼ − − → X N be a Dynkin diagram automorphism of order r such that the folding procedure to (X N , µ) gives X N (See [Kac, §7.9, §8] ). In the procedure, I is identified with the set {{µ k (j) | k ∈ Z/rZ} | j ∈ J} of µ-orbits of J. We take a map N . Note that we have d i = r/|{µ k (s(i)) | k ∈ Z/rZ}| for i ∈ I. For t ≥ 1, we define I(t) = {i ∈ I | t ∈ d i Z}. Then, the quantities in the above table are designed to satisfy (see also [BK4, §5] ) f X,t = |I(t)| and det
Remark 5.15. Let k be a field of characteristic p ≥ 2 and let X = X (r) N be a twisted affine A,D,E diagram. Under the assumption that r = 0 in k, DeConcini-Kac-Kazhdan proved that modulo-p reduction of g(X)-module V (Λ ε ) remains irreducible if and only if det X = 0 in k [DcKK, Remark 3.1]. Conjecture 5.13 predicts an answer for Kashiwara's problem (see in §1.1) when g = g(X) and λ(c) = 1 and it can be seen as a quantum analog of DeConcini-Kac-Kazhdan's result.
Graded Cartan determinants of the symmetric groups
Recall that in this paper, we work in the field k = Q(v) and its subring A = Z[v, v −1 ].
6.1. Graded representations.
Definition 6.1. Let A be a finite dimensional algebra over a field F.
(a) We denote by Mod(A) the abelian category consists of finite dimensional left Amodules and A-homomorphisms between them.
(b) We define the Cartan matrix C A of A to be the matrix
Definition 6.2. Let A be a graded finite dimensional algebra over a field F, i.e., A has a decomposition A = i∈Z A i into F-vector spaces such that A i A j ⊆ A i+j for all i, j ∈ Z. (a) We denote by Mod gr (A) the abelian category consists of finite dimensional left graded A-modules and degree preserving A-homomorphisms between them. (b) We denote by Proj gr (A) the abelian category consists of finite dimensional left graded projective A-modules and degree preserving A-homomorphisms between them. (c) For an object M = i∈Z M i in Mod gr (A) and k ∈ Z, we denote by M k the object in
is obviously an autoequivalence both on Mod gr (A) and Proj gr (A) which we denote by k . (e) We define the graded Cartan pairing ω A :
(f) We define the graded Cartan matrix C v A of A to be the matrix
where PC(D) is a projective cover of D in Mod gr (A) and M ∼ N if and only if there Definition 6.7 ([Rou, §3.2.1]). Let F be a field and let I be a finite set. Take a matrix
(a) The KLR algebra R n (F; Q) for n ≥ 0 is an F-algebra generated by {x p , τ a , e ν | 1 ≤ p ≤ n, 1 ≤ a < n, ν ∈ I n } with the following defining relations for all µ, ν ∈ I n , 1 ≤ p, q ≤ n, 1 ≤ b < a ≤ n − 1.
• e µ e ν = δ µν e µ , 1 = µ∈I n e µ ,
(b) For β = i∈I β i ·i ∈ N[I] with n = ht(β) := i∈I β i , we define R β (F; Q) = R n (F; Q)e β where e β = ν∈Seq(β) e ν and Seq(β) = {(i j )
As a consequence of PBW theorem for the KLR algebras [Rou, Theorem 3.7] , we see that {e β | ht(β) = n} exhausts all the primitive central idempotents of R n (F; Q). It is not difficult to see that both R λ n (F; Q) and R λ β (F; Q) are finite dimensional F-algebras. Definition 6.8 ( [Rou, §3.2.3] ). Let A = (a ij ) i,j∈I be a symmetrizable GCM with the
For n ≥ 0 and λ, β ∈ N[I] with ht(β) = n, all of R n (F;
Theorem 6.9 ( [KKa] ). Let F be a field and let A be a symmetrizable GCM. Then, we can put a U
6.3. Graded Cartan determinants of the symmetric groups. Recall that Irr(Mod(QS n )) is identified with Par(n). For λ ∈ Par(n) we denote by χ λ the corresponding character. It is characterized by p µ = λ∈Par(n) χ λ (C µ )s λ in the ring of symmetric functions
Sm n . Recall also that any field is a splitting field for S n .
Definition 6.10. Let ℓ ≥ 2 be an integer.
(a) For each n ≥ 0, we denote by Bl ℓ (n) the set of tuple (ρ, d) where ρ is an ℓ-core and d ≥ 0 is an integer such that |ρ| + ℓd = n.
The following is well-known classification of p-blocks of the symmetric groups due to Nakayama-Brauer-Robinson.
Theorem 6.11. Let p ≥ 2 be a prime and let λ, µ ∈ Par(n) be partitons of n ≥ 0. The ordinary characters χ λ and χ µ belong to the same p-block if and only if λ and µ have the same p-core.
where x∈ρ means that x runs all the boxes of ρ and res(x) = j − i + pZ when x is located at i-th row and j-th column.
Remark 6.13. e ρ,d is defined as an element of QS n . Thanks to Theorem 6.11, we can regard it as an element of F p S n and it is a primitive central idempotent of F p S n .
Definition 6.14. For ℓ ≥ 2, we define
(6.1)
For a field F, we denote by Q F ℓ ∈ Mat Z/ℓZ (F[u, v] ) the natural image of Q ℓ . Theorem 6.15 ( [Rou, BK2] ). Let F be a field of characteristic p > 0. Then, as F-
It is known that the grading comes from Theorem 6.15 quantizes Ariki's categorifica-
. Moreover, we have a compatibility of the Shapovalov form and the graded Cartan pairing.
Theorem 6.16 ([BK3, Theorem 4.18] ). Let F be an algebraically closed field and let ℓ ≥ 2. For any λ ∈ P + of A
(1)
ℓ−1 )-module isomorphisms δ and ε which makes
A , v, w X ∈ A } where X ∈ {Sh, QSh, RSh}. The right hand side does not depend on the choice of X ∈ {Sh, QSh, RSh}.
Remark 6.17. The presentation of Theorem 6.16 is misleading. A crucial point of the proof is that R λ n is isomorphic to the Ariki-Koike algebra or its degeneration [BK2, Rou] . 
6.4. Graded Cartan determinants of the Iwahori-Hecke algebras of type A.
Definition 6.20. Let R be a commutative domain and take q ∈ R. The Iwahori-Hecke algebra of type A with a quantum parameter q is an R-algebra H n (R; q) generated by {T i | 1 ≤ i < n} and obeys the following defining relations.
where 1 ≤ a ≤ n − 2 and 1 ≤ b, c < n with |b − c| > 1.
Definition 6.21. For ℓ ≥ 2, we fix a field k ℓ which has an ℓ-th primitive root of unity η ℓ .
Remark 6.22. For ℓ ≥ 2 and n ≥ 0, it is known that (i) k ℓ is a splitting field for H n (k ℓ ; η ℓ ) (see [Don, §2.2] ), (ii) Bl ℓ (n) parametrizes the set of all primitive central idempotents of H n (k ℓ ; η ℓ ).
Concerning Remark 6.22 (ii), for (ρ, d) ∈ Bl ℓ (n) we denote by e ′ ρ,d the corresponding primitive central idempotent of H n (k ℓ ; η ℓ ) as in [DJ, §5] . The choice is the same as in [Rou, BK2] based on the Jucy-Murphy elements.
Theorem 6.23 ( [Rou, BK2] ). Let ℓ ≥ 2. Then, as k ℓ -algebras we have e
By the same arguments as for Theorem 6.19, we get the following.
Remark 6.25. Let ℓ ≥ 2 and assume char k ℓ = 0. In virtue of the graded version of Ariki's theorem [BK3, Corollary 5.15 ] and the graded Brauer-Humphreys reciprocity [HM, Theorem 2 .17], we have C
and RP ℓ (d) is the set of ℓ-regular partitions of d. Recall that we have the Fock space representation F = λ∈Par k|λ of U v (A
ℓ−1 ) due to Hayashi and n≥0 {G(µ) :
ℓ−1 )|φ (see [LLT, §6] ).
7.
Conjectures on the graded Cartan invarinats of the symmetric groups 7.1. Generalized blocks of the symmetric groups. In their paper [KOR] , Külshammer-Olsson-Robinson initiated the study of generalized blocks for finite groups.
Definition 7.1 ( [KOR, §1] ). Let G be a finite group and let C ⊆ G be a subset of G invariant under conjugation, i.e., a union of conjugacy classes of G. Let C(G) be the set of complex-valued class functions on G with scalar product α, β C = 1 |G| g∈C α(g)β(g). (a) For two ordinary characters ψ, ϕ of G, we say that ψ and ϕ are directly C -linked (and denote by ψ ≈ C ϕ) if ψ, ϕ C = 0. Clearly, the relation ≈ C is symmetric.
(b) A C -block of G is an equivalence class of the ordinary characters of G under the equivalence relation ≃ C which is defined as the transitive closure of the relation ≈ C .
where ord G (g) is the order of g in G, the notion of G p ′ -blocks coincides with the usual notion of p-blocks.
Definition 7.3. Let ℓ ≥ 2 be an integer.
(a) A partition λ is called ℓ-class regular if no parts of λ is divisible by ℓ (i.e., m kℓ (λ) = 0 for all k ≥ 1). We denote by CRP ℓ (n) the set of ℓ-class regular partitions of n. (b) An ℓ-block of S n is defined as a C ℓ ′ -block for C ℓ ′ = λ∈CRP ℓ (n) C λ (⊆ S n ) where C λ is a conjugacy class of S n consists of elements whose cycle type is λ. .1) where C is closed (i.e., x = y implies y ∈ C for any x ∈ C and y ∈ G), Külshammer-Olsson-Robinson assigned the Cartan group.
Definition 7.5 ( [KOR, §1] ). Let G be a finite group and let C be a union of conjugacy classes of G which is closed.
(a) We define two additive subgroups R G (C ) and
where Irr(CG) is the set of ordinary characters of G and f C ∈ C(G) is the class function that takes the same value as f on C and vanishes elsewhere for f ∈ C(G).
We call the invariant factors of Cart G (C ) the generalized Cartan invariants. When ℓ = p is a prime and C = G p ′ , the generalized Cartan invariants are the usual Cartan invariants (i.e., the elementary divisors of the Cartan matrix C FpG ). Recall that in the p-modular representation theory, Cartan invariants carry an information of certain centralizer groups.
Theorem 7.6 ( [BrNe, Part III, §16] ). Let G be a finite group and let p ≥ 2 be a prime. Take a set of representatives g 1 , · · · , g k of the p-regular conjugacy classes
In the case of G = S n and C = C ℓ ′ for ℓ ≥ 2, we may identify the Cartan group as
Theorem 7.7 ([Don, §2.2]). Let ℓ ≥ 2. For any n ≥ 0, there exist isomorphisms θ n and ζ n such that the following diagram commutes.
Definition 7.8. Let R be a commutative ring with 1.
(a) We say that two m × m matrices X, Y ∈ Mat m (R) are unimodular equivalent over R (and denote by X ≡ R Y ) if there exist P, Q ∈ GL m (R) such that X = P Y Q. (b) For a matrix X and a multiset S both consist of elements of R, we abbreviate X ≡ R diag(S) to X ≡ R S where diag(S) = (s ij ) i,j∈I is a diagonal matrix with a multiset identity {s ii | i ∈ I} = S.
Theorem 7.15 ( [Hil, Theorem 1.2] ). Let ℓ ≥ 2 be an integer and define I ℓ (λ) = p∈pdiv(ℓ) I p,νp(ℓ) (λ) for a partition λ. If Conjecture 7.14 is true, then for each d ≥ 0 we have
Corollary 7.16. Conjecture 7.10 and Conjecture 7.14 are equivalent.
Proof. Let ℓ ≥ 2 be an integer and let us assume Conjecture 7.14 is true. Then, we see that Conjecture 7.10 is true since Bessenrodt-Hill proved the multiset identity
Conversely, assume Conjecture 7.10 is true. For a prime p ≥ 2 and an integer r ≥ 1, we put ℓ = p r . It is enough to prove by induction on w ≥ 0 thatwe have C ℓ,w ≡ Z w s=1
λ∈Par(s) {I p,r (λ)} u(ℓ−2,w−s) . When w = 0, it is trivial. Because we have
λ∈Par(s) {I p,r (λ)} u(ℓ−2,w−s) in virtue of (7.1). Here we use an elementary linear algebra fact that, for a PID R and finitely generated Rmodules X, Y and
7.3. Gradation of Hill's conjecture. For integers a ≥ 0 and b ≥ 1, we denote by a%b the remainder of a by b, namely the unique integer 0 ≤ c < b such that a − c ∈ bZ.
Conjecture 7.17. Let p ≥ 2 be a prime and let r ≥ 1 be an integer. We define
for a partition λ. Put ℓ = p r . Then, for each d ≥ 0 we have
Remark 7.18. We have I v p,r (λ)| v=1 = I p,r (λ) for any λ ∈ Par. Thus, Conjecture 7.17 implies Conjecture 7.14. Note that we do not necessarily have I When r = 1, (7.2) is the same as [ASY, Conjecture 8.2 (i) ] (see Remark 6.25). Although we could not prove (7.2), it seems tractable by an elementary method since we have C Proof. In virtue of (7.3), it is enough to prove [a] ca i−1 for a, b, c ≥ 1 and ν p r (n) = ⌊ν p (n)/r⌋, a p r (n) = a p (n)p νp(n)%r for n ≥ 1, it is enough to show the following multiset identity in order to prove (7.4) {a p (k)p t | ν p (k)%r ≤ t < r + ν p (k)} for s ≥ 1 which follows from Proposition 7.22.
Proposition 7.22. Let p ≥ 2 be a prime and let r ≥ 1 be an integer. We have the following multiset identity for each d ≥ 1 and u ∈ N + \ pZ.
Before giving a proof, we need preparatory definitions. Proof. Because of Lemma 7.26, it is enough to prove the following multiset identity for each a ≥ 1 and u ∈ N + \ pZ. For any 0 ≤ s < r, we define sets U 1 (s) and U 2 (s) as follows. Note that (7.6) is the same as 0≤s<r {s} |U 1 (s)| = 0≤s<r {s} |U 2 (s)| . Thus, it is enough to construct a bijection between U 1 (s) and U 2 (s) for any 0 ≤ s < r.
We claim that the map U 2 (s) → U 1 (s), (λ, j, t) → (µ, i) given by 
where 0 ≤ w < r is well-defined. To see this, only non-trivial check should be to prove µ ∈ Ψ p,r a when s > t. In order to prove this, it is enough to check (i) in Definition 7.24 for ν = µ and h = s. Since λ ∈ Ψ 
